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A new model for the universe filled with a generalized Chaplygin fluid is considered which unitarily
describes as a single vacuum entity both a quintessence scalar field and a cosmological constant,
so unifying the notion of dark energy. While the evolution of the universe filled with such a fluid
does not obviously contradict the present cosmic acceleration, the introduced single dark-energy
component, for equations of state with characteristic parameter ω ≥ −1, behaves like an usual
quintessence fluid with constant equation of state at early high densities, and like a pure cosmological
constant at late cosmological times.
PACS numbers: 98.80.-k, 98.80.Es
Rather surprising new evidence for dark energy from
a ten-year census of the gravitational lensing in distant
quasars has been quite recently added by Browne et al.
[1] to the itself compelling evidence originally obtained
from distant supernova [2,3] and all those ever favorable
results later amassed in the past five years [4]. Thus, it
now appears as a rather solid conclusion that the present
universe is accelerating and that most of its energy is in
the form of a mysterious dark energy, which has long-
range anti-gravity properties. Dark energy is closely re-
lated to the idea of a positive cosmological constant, or
to the notion of the so-called cosmic quintessence [5], a
slowly-varying, tracked [6] or not [7], scalar field that
produces a negative pressure. But, whatever its ultimate
nature, dark energy has become one of the main problems
of all sciences [8].
On the other hand, dark energy has also been claimed
[9] to be just one of the two vacuum-energy components
in a unified model for cosmic darkness whose other com-
ponent is dark matter. Rather than fine-tuning any
specific quintessence potential, this model explains the
present accelerating expansion of the universe by means
of the rather exotic equation of state that corresponds
to a generalized Chaplygin gas [10], acting in such a way
that it caused the gas to behave like pure dark matter
at early times (high density) and like dark energy at late
times (small density). The generalized Chaplygin gas is a
substance which is characterized by an equation of state
[9-11]
p = −Aρ−α, (1)
with A a positive definite constant and α a parameter
which can take on positive or negative values. The orig-
inal Chaplygin gas was characterized by α = 1. It is an
equation of state with a form as given by Eq. (1) that
has thus been claimed to represent the stiff that simulta-
neously describes dark matter and dark energy. In this
letter we generalize the idea of Chaplygin gas still one
step further in such a way that, rather than unitarily
characterizing dark matter and dark energy as a single
entity, the resulting gas theory would now simultaneously
describe the physics of a quintessence scalar field and that
of a cosmological constant as the two opposite limiting
situations that result at early and late times, respectively,
from a unique unified dark energy physical picture.
The dynamical cosmological equations that represent
a pure quintessence field with constant state equation
[7] p = ωρ are known to be valid only in an ω-interval,
0 ≤ ω < −1, which cannot include the value ω = −1 that
corresponds to a pure cosmological constant Λ [12]. The
generalization of the Chaplygin gas that we are going to
introduce does neither require specifying any potential
for the generalized field and is based on suitably combin-
ing the state equations for a slowly-varying quintessence
scalar field with that for the generalized Chaplygin gas
given by Eq. (1), in such a way that the resulting state
equation would give rise to cosmological dynamical equa-
tions that would represent both a quintessence-like field
and a cosmological constant in the above single unified
way. We take for that state equation the following sim-
plest combination
p =
(
ω − A
ρα+1
)
ρ, (2)
where p and ρ are respectively pressure and energy den-
sity in a comoving reference frame, with p < 0 and
ρ > 0, 0 ≥ ω > −1 and A is again a constant, but one
which should not be necessarily positive definite, pro-
vided p ≤ 0. This equation of state is interesting as it
can be connected with both cosmology through param-
eter ω and string theory through its Chaplygin-like gas
component [9]. Inserting Eq. (2) into the general cosmic
conservation law for energy [13]
dρ = −3 (ρ+ p) da
a
, (3)
we obtain for the density of the dark energy Chaplygin
gas a nonlinear expression in terms of the scale factor a.
It is:
ρ(a) =
{
1
1 + ω
[
A+
B
a3(1+α)(1+ω)
]}1/(1+α)
, (4)
with B an integration constant and a ≡ a(t) the cos-
mic scale factor which is normalized to unity today
2a = (1 + z)−1, when expressed in terms of the redshif
z. A differential feature of the present model in relation
with the unified dark matter model is that, although the
density never drop below the value A1/(1+α), no matter
how much you expand the gas, it get a value ρ ∝ a−3(1+ω)
when sufficiently compressed, so that the density can
never reach the value ρ ∝ a−3 if ω < 0.
Let us now introduce the re-definitions for the current
generalized dark-energy field φ cosmological parameter
Ω0φ =
B
A+B
.
and energy density
ρ0 =
[
A+B
1 + ω
]1/(1+α)
.
In terms of these quantities Eq. (4) can be re-written in
a form which is similar to that has been used in unified
dark matter models [14]
ρ(a) = ρ0
[
1− Ω0φ +
Ω0φ
a3(1+ω)(1+α)
]1/(1+α)
. (5)
In order to interpret this equation, let us consider the
corresponding expression for the energy density in the
case that we have a quintessence slowly-varying scalar
field and a cosmological constant which are separatedly
defined in the flat cosmological case [15], i.e.
ρ(a) = ρ0
[
(1− ΩΛ) a−3(1+ω0) +ΩΛ
]
. (6)
We first note that, although Eq. (5) involves a single
substance and Eq. (6) involves two, the energy densities
given by these two equations become both the density
ρ0 for the current value (z = 0) of the scale factor a =
1/(1 + z) = 1. Making then the identifications
Ω0φ = (1− ΩΛ)1+α , ω = ω0,
we see that Eqs. (5) and (6) again become the same and
are both given by
ρ = ρ0Ω
0
φa
−3(1+ω)
in the limit a→ 0. It follows that Ωφ behaves like though
it were an effective quintessence density in the considered
model. Also for the flat case, once again Eqs. (5) and
(6) become the same when α = 0 and are both given by
ρ = ρ0
[
Ω0φ +ΩΛa
−3(1+ω)
]
,
which corresponds to the standard combined ”Λ-
Quintessence” model which involves two substances. Fi-
nally, Eqs. (5) and (6) become also the same in the limit
a→∞, where both read
ρ = ρ0ΩΛ,
in case that the identification ΩΛ =
(
1− Ω0φ
)1/(1+α)
be
also introduced. This latter case would clearly corre-
spond to that for a pure cosmological constant.
The interpretation of our present picture for dark en-
ergy which describes quintessence and cosmological con-
stant in a unified, single fashion can be further strength-
ened if we also introduce definitions for the effective pa-
rameter entering the equation of state and the effective
speed of sound, which in the present case become
ωeff =
p
ρ
= ω − (1 + ω)A
A+ B
a3(1+ω)(1+α)
(7)
ceff2s =
∂p
∂ρ
= ω +
(1 + ω)αA
A+ B
a3(1+ω)(1+α)
(8)
We notice that both ωeff and ceff2s reduce to ω (the typical
pure quintessential case) when a→ 0, and to ωeff = −1,
ceff2s = α + ω(1 + α) (the cosmological constant case)
whenever a → ∞. This closes up the proof that our
model consistently describes both quintessence and cos-
mological constant as given limiting concepts from a more
general unified dark energy description involving one sin-
gle substance, and can therefore be looked at as being a
promising concept for cosmology.
However, a wide class of the so-called unified dark
energy models, which are similarly constructed using a
less generalized Chaplygin equation of state, has been
recently excluded [14] because such models give rise to
oscillations or exponential browup in the matter power
spectrum that are inconsistent with observations. One
would in fact expect these unwanted phenomena to oc-
cur as well in our present unified dark energy model.
Following Sandvik et al. [14], the evolution of density
perturbations δk with wave vector k can be written in
the form [16]:
δ′′k +
[
2 + ξ − 3 (2ωeff − ceff2s )] δ′k
−
[
3
2
(
1− 6ceff2s + 8ωeff − 3ωeff2
)
−
(
kceffs
aH
)2]
δk = 0, (9)
where H is the Hubble parameter,
ξ = −2
3
[
1 +
(
1
Ω0φ
− 1
)
a3(1+α)
]−1
,
and the prime denotes differentiation with respect to the
timelike independent variable ln a. By inspecting Eq.
(9) it can in fact be inferred that whenever the effec-
tive speed of sound is nonzero, the unwanted oscillatory
(ceffs > 0) and exponential blowup (c
eff
s < 0) behaviours
of fluctuations with wavelengths below the Jeans scale√
pi|ceffs |2/Gρ would always take place. Whereas this sit-
uation is unavoidable for the wide class of unified dark
3matter models pointed out by Sandvik et al. [14], here
one always has the possibility to set ceffs = 0 at all times,
while keeping a nonzero value for the bare speed of sound,
c2s =
Aα
A+ B
a3(1+ω)(1+α)
,
because the constant A may in our case take also on neg-
ative values while the right-hand-side of Eq. (8) has two
terms to play with. Thus, restricting to the simplest case
where we choose α = −1, and hence ωeff = 0, the fluc-
tuations appear to be free from the unwanted oscillatory
and exponential blowup behaviours. In this case, one has
to take negative values for the cosmological constant A [a
case which can have very positive implications (see later
on)], so that Eq. (9) reduces to:
δ′′ +
(
2− 3
2
Ω0φ
)
δ′ − 3
2
δ = 0. (10)
The solutions to Eq. (10) are
δ± = a
3
4Ω
0
φ−1±
√
1+ 916 (Ω0φ)
2
−
3
2 (Ω0φ−1)
at all times. We have thus shown that the unstability
problem and the presence of unobserved oscillations af-
fecting most of the unified dark matter models can both
be avoided in the kind of models considered here for uni-
fied dark energy.
All the above kinds of models are however unrealistic,
unless as asymptotic approximations, because they de-
scribe an asymptotic universe devoid of observable mat-
ter. One therefore ought to include some kind of observ-
able matter and/or radiation contents in order to make
the models more realistic. This will be later implemented
by considering a FRW scenario where, besides the unified
dark energy field, a radiation field will also be included.
We shall classically describe such a radiation field as a
massless scalar field which is conformally coupled to grav-
ity [15,17]. Before doing that, we shall first consider the
simplest case of a spatially flat universe filled only with
the single generalized Chaplygin gas discussed in this let-
ter that satisfies the state equation given by Eq. (2). The
Friedmann equation for this problem is(
a˙
a
)2(1+α)
=
1
1 + ω
[
A+
B
a3(1+α)(1+ω)
]
, (11)
where the overhead dot means time derivative. As
pointed out above, the solution to Eq. (11) for the gen-
eral case in which α 6= 0 can only match the solution to
the Friedmann equation for the simple case that corre-
sponds to a quintessence field with constant equation of
state p = ωρ plus a cosmological constant Λ = 3H2λ,
that is for e.g. an allowed value of the initial, constant
parameter ω whose following evolution be able to repro-
duce the current cosmic acceleration, ω = −2/3,
a(t) =
8piG
3σλ
sinh2
(
1
2
√
3λt
)
, (12)
just in the limiting cases of small a as α→ 0, with A = λ
and B = 8piG/(3σ), in which σ is another integration
constant. Note that for negative cosmological constant
the above solution changes into
a(t) =
8piG
3σ|λ| sin
2
(
1
2
√
3|λ|t
)
. (13)
For the small values of |λ| and a for which this oscillating
solution is valid, it would be expected that the universe
will show [18] no future event horizon, a property which
has been claimed [19] to be of decisive importance for
allowing a consistent mathematical formulation of fun-
damental string and M theories.
Applying the generalization considered in this letter
to the original Chaplygin gas (α = 1), one obtains from
Eq. (11) for the flat case in the simple situation that
corresponds to the initial equation of state parameter
ω = −2/3 (which is compatible with the present cosmic
accelerating expansion for moderate values of A/(A+B)
and the most recent observational constraints [20]),
a˙4 = 3
(
Aa4 +Ba2
)
. (14)
A closed-form general analytical solution to Eq. (14) can
be obtained for the scale factor a in parametric form and
is given by
t = (3A)−1/4
{
ln
[
1 + F (a)
1− F (a)
]1/2
− arctan [F (a)]
}
+ ζ,
(15)
where ζ is an adjustable integration constant and
F (a) =
(
1 +
B
Aa2
)1/4
=
(
1 +
Ω0φ
Ω0Λa
2
)1/4
.
Choosing
ζ =
(1 − i)pi
2(3A)1/4
for the integration constant so that a → 0 as t → 0, we
finally get
t = (3A)−1/4
{
ln
[
F (a) + 1
F (a)− 1
]1/2
+
pi
2
− arctan [F (a)]
}
(16)
It follows from this solution that as the single gas is evolv-
ing from a pure quintessence field into a cosmological
term, the scale factor a will increses from zero, at t = 0,
to infinity, as t → ∞, such as one should expect in the
unified picture for dark energy.
Let us next include a term in the Friedmann equation
that accounts for the existence of an observable radiation
field. As we mentioned before, we represent this field
by means of a massless scalar field which is conformally
coupled to gravity [17] so that one has to modify [21] the
Friedmann equation (11) to read:[(
a˙
a
)2
− M
2
a4
]1+α
=
1
1 + ω
[
A+
B
a3(1+α)(1+ω)
]
, (17)
4where M2 is an integration constant. Although we have
been unable to find any analytical solution to Eq. (17) in
closed-form, it is still possible to readily deduce that in
the limit of very small values of the scale factor we have
the approximate solution
a(t) =
√
2Mt,
for the entire range of allowed values of parameter ω ≤ 0.
It follows that radiation dominated over the unified dark
energy at early time. At late time the unified dark energy
field would start dominating over radiation, as one would
expect, so that it will be described by Eq. (16) (or any of
its counterpart solutions for α 6= 1) which would govern
the evolution of the current universe. It appears therefore
that during the time along which the generalized Chap-
lygin dark-energy gas behaved like a quintessence field
at the earliest times, this was nevertheless dominated by
radiation; however, at the late times when that general-
ized single gas behaves like a cosmological constant, this
dominated over radiation. We therefore hope that a more
detailed consideration of unified dark energy may lead us
to solve, or at least greatly alleviate the cosmic coinci-
dence problem [22]. Before closing up, we mention the
interesting possibility that the unified dark energy can
also behave like a quintessence field when a → ∞ and
like a cosmological constant as a → 0. That would hap-
pen if ω < −1, with A and B taking on negative values
(so keeping the current density, the quintessence energy
density and the cosmological constant all positive), a case
which is not excluded by current constraints on the state
equation for dark energy [20]. We finally note that Eq.
(2) would reduce to Eq. (1) in case that α < 0 as a→ 0,
so indicating that in such a case our unified model for
dark energy also included the current unified model for
dark matter in the limit of high density.
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